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INGO WITT 



Abstract. Green's formulas for elliptic cone differential operators are established. This is done 
by an accurate description of the maximal domain of an elliptic cone differential operator and its 
formal adjoint, thereby utilizing the concept of a discrete asymptotic type. From this description, 
the singular coefficients replacing the boundary traces in classical Green's formulas are deduced. 
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1. Introduction 



1.1. The main result. Let X be a compact C°°-manifold with non-empty boundary, dX. On the 
interior X° := X\ dX, we consider differential operators A which onU \ dX for some collar 
neighborhood C/ = [0, 1) x y of dX, with coordinates (t, y) and Y being diffeomorphic to dX, 
take the form 

^ = t-'^^a,(t,y,Z)y)(-i9i)^ (1.1) 
i=o 

where a-, G C°°([0, 1); Diff'^~-'(y)) for < j < /i. Such differential operators A are called 
cone-degenerate, or being of Fuchs type; written as ^ G Diff^Q^g(X). They arise, e.g., when polar 
coordinates are introduced near a conical point. 

Throughout, we shall fix some reference weight 5 G M. This means that we will be working 
in the weighted L -space W'^{X) as basic function space, cf. (I1.12t and also Appendix IE) Let 
A* G Diff^o„g(X) be the formal adjoint to A, i.e. 



{Au,v) = {u,A*v), u,veC^UX°) 



(1.2) 



Date: September 10, 2003. 

2000 Mathematics Subject Classification. Primary: 35J70; Secondary: 34B05, 41 A58. 

Key words and phrases. Cone differential operators, discrete asymptotic types, function spaces with asymptotics, 
complete conormal symbols, Keldysh's formula, Green's formula. 

1 



2 INGO WITT 

where ( , ) denotes the scalar product in ^^'^{X). Then it is customary to consider the maximal 
and minimal domains of A, 

i^(^max) := {u € IHO'^(X) I Au e lf'\X)}, 

and D{Ayni„) is the closure of C^^p{X°) in L'(Amax) with respect to the graph norm. Similarly 

for D{A*^J,D{A*^J. 

Our basic object of study is the boundary sesquilinear form 

[u,v]a := {Au,v) - {u,A*v) , u G D{A^^y,), v G -D(^Lx)- (1-3) 

By virtue of (ll.2t . [n, v\a = if n G D{A^ia) or u G D{A^:^^. Therefore, the boundary sesquihn- 
ear form [ ,]a descents to a sesquilinear form 

[,]a: D{A^,,)/D{A^,) X D{Al,^/D{Al^) ^ C, (1.4) 

denoted in the same manner. 

Our basic task consists in computing MAI . The result will be called a Green's formula in analogy 
to the classical situation arising in mathematical analysis. Assuming ellipticity for A, cf. Defini- 
tion l3.1l what we will actually do is to compute the value of [ , ]a on distinguished linear bases of 
^(^max)/l?(^min) and D [A^^^) / D {A*^J , respectively. 

The starting point is as follows: Assuming ellipticity for A, any solution u = u{x) to the equation 
Au = f{x) on X° possesses an asymptotic expansion 

^(^)~E E ^i^^log't'/'i^^Cy) ast^+O, (1.5) 

P k+l=mp-l 

where the set {p G C | nip > 1} is discrete, Rep — oo as |p| oo on this set, and (j)^^ G 
C°°{Y) for all p, I, provided that the right-hand side / possesses a similar expansion. Introduce 
the hnear operator T acting on the space of all formal asymptotic expansions of the form (II. 5t by 



p k+l=mr, — l 



E E ^-^t-nogHct>f\y). (1.6) 



kl 

p k+l=mp-2 



As will be seen. 



• the quotient D{A^ax) / D{A^ia) is finite-dimensional, 

• it consists of finite sums of the form (II. 5I) . where dimX/2 — 6 — u < Rep < dimX/2 — 6, 

• it is left invariant under the action of T. 

In particular, T as acting on D(^max) / ^(^min) is nilpotent. Similarly for D{A'^^^) j D{^Al^^^. 
Theorem 1.1. Let A G Diff^Qj^g(X) he elliptic. Then, to each Jordan basis 

$1, r$l, . . . , r"i-l$i, . . . , $e, T^e, . . . , r'"'=-l^>e (1.7) 

ofD{A^,,)/D{A niin), there exists a unique Jordan basis 

^l.T^l, T^i^l^'i, . . . , ^'e, T^'e, . . . , r'"^~l^'e (1.8) 

ofD{A*^^)/D{A*^J such that, for all i, j, r, s, 

r^.T^^.U=(l"'^"' if.=.,r + . = .n.-l, ^^^^ 
otherwise. 
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Corollary 1.2. (a) Both spaces L'(^niax)/^(^min) and D{Al^^-^) / D{A^:^^) have the same Jordan 
structure (with respect to T). 

(b) The sesquihnear form [ , ]^ in (11.41) is non-degenerate. 

(c) The operator T is skew-adjoint with respect to [ , ]a, i-fi-, 

[r$,^']A + [$,T^']A = o (1.10) 

for all $ € D{A^,^/D{A^,), ^ G Z)(A^,J/Z)(A;^J. 

Remark 1.3. The conjugate Jordan basis ^'i, T^-i, . . . , T^i-i^-i, . . . , ^e, T^e, • • • , T^'^^^^'e in 
(11.81) can be found, at least in principal, once one controls the first fi conormal symbols cJc {A) {z) 
for j = 0, 1, . . . , — 1 of yl, cf. (I3.lt . More precisely, let {i~^^~^{z)] /c e No} be the inverse 
to the complete conormal symbol {ctc •'(2;); j G No} of ^ under the Mellin translation product, 
cf. (13. 5t . In particular, t^^^'^(z) for A; = 0, 1, 2, . . . is a meromorphic function on C taking values 
in the space L^^^iY) of classical pseudodifferential operators of order — /i on y. Then the Jordan 
basis in (II. 8t can be computed from the Jordan basis in (ll.7t and the principal parts of the Laurent 
expansions of i~^^~''{z + /i) around the poles in the strip dimX/2 — 6 — + k < Kez < 
dim X/2 - (5 for A: = 0, 1, . . . , /X - 1. See Theorem lO 

1.2. Description of the content. In Section |2l we discuss discrete asymptotic types for conor- 
mal asymptotics of the form (II. 5t . The central notions are properness of an asymptotic type and 
complete characteristic bases for proper asymptotic types. In Section 3, we study complete Mellin 
symbols that form an algebra unter the Mellin translation product. Here, the main result due to 
Liu-WiTT lirn states that the type for the asymptotics annihilated by an elliptic, holomorphic 
complete Mellin symbol is proper; thus linking to cone differential operators, cf. Theorem 13. 101 
Then in Theorem 14.11 in Section 0] we establish a formula for the principal parts of the Laurent 
expansions around the poles of the inverses to holomorphic complete Mellin symbols under the 
Mellin translation product. This formula involves a complete characteristic basis and its conju- 
gate complete characteristic basis, similar to the situation arising in Theorem 11.11 In fact. Theo- 
rem is one of the two main technical results of this paper from which Theorem 1 1.1 1 is easily 
deduced. The other one is Theorem 15. II in Section |5j where certain "bi-orthogonality" relations 
between the two complete characteristic bases of Theorem 14.11 are established. Theorem 11.11 is 
proved in Section |6l We start with a formula for the boundary sesquilinear form [ ,]a taken from 
Gil-Mendoza |l3l, cf. Theorem 16. II The proof of Theorem 1 1.1 1 then consists in evaluating this 
formula, where the latter basically means to "take the residue" of the formula from Theorem 15. II 

In Section we discuss two examples showing how one can proceed from the "Green's for- 
mula" (ll.9t to genuine Green's formulas in concrete situations. The two appendices are not manda- 
tory for the main text, but improve understanding. In Appendix \^ we are concerned with local 
asymptotic types, i.e., asymptotic types at some fixed singular exponent p from (II. 5t . Already 
here, all the ingredients from the main text of the paper occur in embryonic form. For instance, the 
forerunner of Theorem l5.1l is a famous formula due to Keldysh |6|, see Remark ls!2l (b). An ana- 
logue of the boundary sesquilinear form [ , ]a is also provided, see (IA.3t and Proposition IA.4I In 
Appendix IbI we describe Z)(j4max)> ^(^min) as function spaces with asymptotics. Among others, 
this gives a concise way of identifying the quotient D(^max) / ^(^min)- 

Let us mention some related work: Green's formulas have been under investigation for a long pe- 
riod, see, e.g., CODDINGTON-LEVINSON 1 1 1 for O.D.E. and Lions-Magenes [101 for P.D.E. 
For singular situations, see, e.g., Nazarov-Plamenevsku fT2l . Our approach to cone-degen- 
erate differential operators is built upon work of SCHULZE ["WTSl. For instance, the fact that 
the quotient D(vlmax)/^(^mm) is finite-dimensional and consists of formal asymptotic expan- 
sions of finite length is an easy consequence, see also Lesch Section 1.3]. Recently, GlL- 
Mendoza received results similar to ours. Without reaching the final formula (11.91) . they 
studied much of the structure of the boundary sesquilinear form (ll.4t . In case A is symmetric. 
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they applied their results to describe the self-adjoint extensions of A. Keldysh's formula was thor- 
oughly discussed in Kozlov-Maz'ya |8. Appendix A]. 

1.3. Notation. Notation introduced here will be used without further comment. 
• Scalar products on L'^{Y) are given by 



(0,V) :=y^</>(y)V'(y)d/i(y), := J^4>{ymy)dKy), d-H) 

where dfi is a fixed positive C°°-density djj. on Y. For an operator B on C°°{Y), its formal adjoint 
B* is defined with respect to the scalar product ( , ), while the transpose B^ is defined with respect 
to ( , ) . In particular, 

W^ = B^, (/>GC°°(y). 

one supported in the collar neighborhood U of dX, 



J{0,l)xY 

cf. (I1.2t . (II. 3t . There should be no ambiguity of usage the same symbol ( , ) in the two different 



situations (fTTTTT i. (ITTT21 . 

• Let J be a finite-dimensional linear space and T be a nilpotent operator acting on J. Then 

. . . , <l>e is called a characteristic basis of J (with respect to T, where the latter is often under- 
stood from the context) if 

$1, r$i, . . . , r"^i-i$i, . . . , $e, . . . , r™=-'$e (1.13) 

for certain integers mi , . . . , m-g > 1 form a linear basis of J. The matrix of T with respect to 
such a linear basis has Jordan form. Therefore, a characteristic basis <I>i, . . . , <I>e always exists, 
the integers mi , . . . , me are uniquely determined (up to permutation) and equal the sizes of the 
Jordan blocks, and e is the number of the Jordan blocks. The tuple (mi, . . . , mg) is called the 
characteristic of J (or of the characteristic basis <I>i, . . . , <I>e)- 

• Let E be either the space C°°{Y) (in Section 2) or a Banach space (in Appendix A). Then 

:= UmeN-^™ denotes the space of finite sequences in E, where we identify E"^ as linear 
subspace of through the map {(pQ, . . . , (pm-i) ^ (0, 4>o, • • • , (pm-i), i-c, by adding a lead- 

ing zero. For $ S E°°, let m(<I>) be the least integer m so that $ e E"^. The right shift operator T 
sending {(j)Q, (/>!,..., (j)m-i) to (0O) 4>It ■ ■ ■, 4>m~2) acts on E°^. In particular, T™(*)<I> = 0, while 
r*^> / for < i < m(^>) - 1. (In case E = C°°(y), the operator T is directly related to the 
operator T in (II. 6t . cf. Remark l2!2l ) 

• For E as above, p G C, let Aip{E) be the space of germs E'-valued meromorphic functions 
and Ap{E) be the space of germs of i?-valued holomorphic functions at z = p. We identify the 
quotient Mp{E) / Ap{E) with the space E°° through the map 

+ 7 ^:;;rrr ^ ^ ('Po, 0i, • • • , 0m-i)- 



{z — p)"^ {z — p)"^ 1 z — p 

Then T corresponds to multiplication by z — p. For F G A^p(£'), let [^(z)]* denote the principal 
part of F{z) at z = p. For ^ = (00, 0i, . . . , (/>m-i) £ -E"^, we set 

— p)"^ (z — p)™-"-*- 2:— p ^ 

• Now let E = C°°{Y). For (j), tp e C°°(Y), let ^ be the rank-one operator C°°(Y) 3h^ 
{h,'p)(t) G C°^{Y)- More generally, for F, G G Mp{C°°{Y)), we introduce the meromorphic 
operator family F{z) (S) G{z) by 

F{z) G{z)h := {h, G{z))F{z), h G C°°(y), 
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where {h, G{z)) = {h, G{z)) and G{z) := G{z). For ^ e [C°°(y)]°^, we further set 

(g) ^)[z -p] 

4>0 1^ Ipl + (j)! 1^ IpO 00 (g) lpm-1 H K (pm-1 <^ IpO ... 



{z — p)'^ {z — p)"^ ^ z—p 

where $ = ((/>o, . . . , (t>m-i), ^ = (V'o, • • • , i^m-i)- In particular, 

^')[z-p] = (z-^r [^-i^-p] (g^-i^-p]]*, (1.15) 

where m = max{m(<I>), m{'^)}. 

• If £' is a Banach space, then we use the same notation, but with ( , ) replaced with the dual 
pairing ( , ) between E and E' . This is due to the circumstance that in this situation we are 
working with the dual instead of the anti-dual to E. In particular, cj) ^ tp for (j) G E , ip £ E' means 
the rank-one operator E 3 h —>■ {h, ijj)(j) E E, while (I1.14t . (I1.15t are formally unchanged. 

• On [C°°(y)]°°, we introduce three commuting involutions by 



where $ = ((/^o, 0i, • • • , 4>m-2, 4>m-i)- Note that I = CJ, TC = CT, IT + TI = 0, and 
JT + TJ = 0. 

• The cut-off function u € Cc^n,p(l+) satisfies uj{t) = 1 if t < 1/2, uj{t) = if t > 1. It is used 
to localize into the collar neighborhood C/ = [0, 1) x y of dX. 

2. Discrete asymptotic types 

The notion of discrete asymptotic type for conormal cone asymptotics goes back to Rempel- 
SCHULZE 1 13 1 in the one-dimensional and SCHULZE llT4l in the higher-dimensional case. It allows 
to integrate asymptotic information into a functional-analytic setting, cf. also Appendix |B] The 
refinements of this notion presented here are due to Liu-WiTT 1 1 1 1. 

2.1. Preliminaries. Let C^'^{X) be the space of all u E C°°{X°) possessing an asymptotic 
expansion as in (II. 5t . as x — > dX, where, additionally. Rep < dim X/2 — 5 if nip > 1. Moreover, 

letCg'(X)bethespaceofallu G C°°(X°) vanishing to the infinite order on (9X (i.e., (/>[^^(y) = 
for all p, I in (II. 5t ). 

Henceforth, we shall fix a splitting U \ dX = (0, 1) , x ^ {t, y) of coordinates near dX. It 
turns out, however, that our constructions are independent of this chosen splitting of coordinates, 
cf. Remarks im 1141 and lTTOl and Proposition IbH 

Definition 2.1. (a) A discrete subset F C C is called a carrier of asymptotics if | Rep| — > oo on 
V as \p\ oo. For 5 G M, we write V e if, in addition, V C {z £C;Rez < dim X/2 - 6}. 

(b) For V G C\ we define £y{Y) to be the space of all mappings ^> : C ^ [G°°{Y)]°° satisfying 
{p G C I / 0} C y. In particular, we have ^^(Y) = UpeviC°°{Y)]^, where [C°^{Y)]^ 
is an isomorphic copy of [C°°{Y)]°°. Moreover, we set £""^(1") := UveC* ^vO^)- 

The operations T, C, I, and J are point-wise defined on £^{Y), cf. Section (131 For instance, 
T<^{p) = T{<^{p)) for $ G £\Y), p G C. We also write mP{<^) instead of m(^>(^i)). 

We next provide an isomorphism 

C^^^{X)/C^{X)^£^{Y) (2.1) 
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that is non-canonical in the sense that it depends on the choice of spUtting of coordinates near dX: 
With the vector <I> G 8y{Y), where ^{p) = (^[f ^ , . . . , (k^mp-i) ^^"^ P G we associate the formal 
asymptotic expansion 

pGV fc+i=r?ip — 1 

cf. (I1.5I) . (To see that (I2.1I) is surjective needs to invoke a Borel-type argument.) 

Remark 2.2. The operator T acting on the quotient C'^'^{X) j Cq'{X), as introduced in il.Sh . is 
well-defined, i.e., it is independent of the chosen splitting of coordinates near dX. Moreover, the 
isomorphism (I2.lt intertwines this operator and the right-shift operator T acting on £^{Y). 

We need some further notation: For <I> € £^{Y), we introduce 

c-ord(<&) := dimX/2 - max{Rep; / 0} 

(the "conormal order" of $ understood in an L^-sense). Note that c-ord($) > 5 if $ € £^{Y), 
and c-ord(T'^$) ^ oo as /c ^ oo. Note also that, for G £^{Y), a-i G C for i = 1,2,... 
satisfying c-ord(<I>i) — > oo as i ^ oo, the series "i^i is explained in £^{Y) in a natural 

fashion. In particular, 

oo io 

^^aj<I>j = <^=^ c-ord(^^ aj<I>i) ^ oo as io — > oo. 

i=l i=l 

Furthermore, <i> G <S'^(y) is called a special vector if <I> G i^p-pjol^) for some p G C. If <I> 7^ 0, 
then p is uniquely determined by ^ and the additional requirement that ^{p) 7^ 0. This complex 
number p is denoted by 7(<I>). 

2.2. Definition of discrete asymptotic types. Discrete asymptotic types are certain linear sub- 
space of the space C^' {X) /C^{X) of all formal asymptotic expansions. 

Definition 2.3. A discrete asymptotic type, P, for conormal cone asymptotics as 2; ^ dX, of 
conormal order at least 5, is a linear subspace of C^'^ {X) I C'q{X) that is represented, in the 
given splitting U \ dX = (0, 1) x y , x 1— > (t, y) of coordinates near dX, through the isomorphism 
(I2.lt by a linear subspace J C £y{Y) for some V ^C^ satisfying the following conditions: 

(i) TJ C J. 

(ii) dim J-^+J < 00 for all j G No, where J^' := J /{J n £^' {Y)) for 5' > 6. 

(iii) There is a sequence {pi; 1 < j < e + 1} C C, where e G No U {00}, such that Repi < 
dimX/2 — 6 for all i, Repi —00 as i ^ 00 if e = 00, y C |Ji=ife} ~ I^o> and 

e 

j = 0(jn£:^VN„(>^))- 

1=1 

The empty asymptotic type, O, is represented by the trivial subspace {0} C £^{Y). The set of all 
asymptotic types of conormal order at least 5 is denoted by As^(Y). 

Remark 2.4. It can be shown that this notion of discrete asymptotic type is independent of the split- 
ting of coordinates near dX. The latter means that changing coordinates P C C^' \x) /C^{X) 
is represented by another linear subspace J' C £y,{Y) for some V G that also satisfies 
(i) to (iii) of Definition l2.3l 

Let P, P' G As *^ be represented by J, J' C £^{Y), respectively. For 5' > 6, we say that P, P' 
coincide up to the conormal order 6' if = J'^ as subspaces of £^{Y) j £^ {Y). Similarly, for 
5' > 6, we say that P, P' coincide up to the conormal order (5' — if P, P' coincide up to the 
conormal order 5' — e for < e < 5' — 5. 
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It is important to observe that the set As'^(X) of asymptotic types is partially ordered by inclusion 
of the representing spaces. This partial order on As^(X) will be denoted by One of the fun- 
damental principles in constructing asymptotic types obeying certain prescribed properties ensues 
from the following: 

Proposition 2.5. (As^(X), ^) is a lattice with the property that each non-empty subset {resp. 
each bounded subset) possesses a greatest lower bound {resp. a least upper bound). 

As example, consider P G As *^ and let 5' > 5. Then let P^' ^ P denote the largest asymptotic 
type that coincides with the empty asymptotic type, O, up to the conormal order 5' . Similarly, for 
5' > 6, let P^ ^ P denote the largest asymptotic type that coincides with the empty asymptotic 
type up to the conormal order 6' — 0. Of course, in this situation it is easy to provide representing 
spaces for P^ and P^ respectively, but in more involved situations such a task might be not 
that simple. 

Remark 2.6. There is an abstract concept of introducing asymptotic types if a unital algebra dJl 
acting on some linear space 5 "modulo a distinguished linear subspace Jo in the image" is given. 
In our case, 9Jl = IJ^g^ Symb^j(y) is the algebra of complete Mellin symbols, cf. Section |3l 

^ = C^'\X), and Jo = C^{X). See Witt IH. 

2.3. Proper discrete asymptotic types. Here we investigate properties of linear subspaces J c 
SyiY) satisfying (i) to (iii) of Definition l2Jl 

Proposition 2.7. Let J C £y{Y) be a linear subspace for some V G C^. Then there are an 
e G No U {co} and a sequence 1 < i < e + 1} of special vectors satisfying c-ord(<I>i) oo 
as i oo if e = oo such that the vectors T^^ifor l<i<e + l, /cGNq span the space J if and 
only if (i) to (iii) of Definition l2.3l are fulfilled. 

For the rest of this section, assume that J c £^{Y) is a linear subspace satisfying (i) to (iii) 
of Definition 12.31 Let Ilj : J ^ J^^^ be the canonical surjection. For j' > j, there is a natural 
surjective map Ujj/ : J^^^' — > J^^^ such that Iljj" = lijj'Ilj'j'i for j" > j' > j and 

(j,n,)=iim(/+^n,y). 

Note that T : J^+-' J^+-' is nilpotent, where the operator T is induced by T : J ^ J. Let 
{m\, . . . , mi^) be the characteristic of J^^^ , cf. (I1.13t and thereafter 

The sequence {^f, I < i < e + 1} C Jis said to be a characteristic basis of J if there are 
numbers rrii G Nq U {oo}, rrii > 1, such that T'^'^i = if < oo, while the sequence 
{T^'^i] l<i<e + l, 0<k< rrii} forms a basis of J. 

Proposition 2.8. Let J C £y{Y) be a linear subspace as above and assume that {^f, 1 < i < 
e + 1} is a characteristic basis of J. Then the following conditions are equivalent: 

(a) For each j, {nj<I>i , . . . , ^j^ij } is ci characteristic basis of J^^K 

(b) For each j, T^i ^ ^ $ i , . . . , T^^i ~ <I>e are linearly independent over the space £^+^{Y), while 
T'^^i G f ^+-^ (y), where either 1 < i < Cj, k > mi or i > ej. 

If these conditions hold, then the numbering within the tuples {m\ , ■ ■ ■ , mij ) can be chosen in 
such a way that, for each j > 1, there is a characteristic basis <I> j , . . . , of J^^^ such that, for 
all f > j, 

" ' [0 ifej + l<i<ey. 
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Furthermore, the scheme 



ei rows < 



62 — ei rows < 



63 — 62 rows < 



mi 



m 



ei 



2 




4 





Q 


A 


2 


3 


4 




"lea 








"^62 + 1 




"^63 


4 



(2.2) 



where in the jth column the characteristic of the space J^^^ appears, is uniquely determined up 
to permutation of the kth and the k'th row, where Cj + 1 < k, k' < ej+ifor some j (eo = 0). 

Definition 2.9. An asymptotic type P is said to be proper if its representing space J possesses 
a characteristic basis {<I>j; l<z<e + l} consisting of special vectors that fulfill the equiv- 
alent conditions of Proposition 12.81 If the tuples {m\ , . . . , mi^ ) are re-ordered according to this 
proposition, then the sequence 

{{j{<^i);mf ,mf+\mf+^ , . . 1 < i < 6 + l} 



is called the characteristic of P. 



(2.3) 



Remark 2.10. The characteristic of a proper asymptotic type P € As'^(y) is independent of the 
splitting of coordinates near dX. 

An asymptotic type need not be proper. For an example, see Liu-WiTT fTV. Example 2.23]. 
However, we have the following result, which will be generalized in Theorem B. lOl below: 

Theorem 2.11. Let A € DiS^^^^^X) be an elliptic cone-degenerate differential operator. Then 



{u G C^^\X) I Au G C^{X)]/C^{X) 
is a proper asymptotic type. 



(2.4) 



3. The algebra of complete Mellin symbols 



We study the algebra of complete Mellin symbols under the Mellin translation product. Further- 
more, we introduce the important notion of a complete characteristic basis for the asymptotics 
annihilated by a holomorphic complete Mellin symbol. 

3.1. Cone differential operators. Recall that we have fixed a splitting of coordinates U — > 
[0, 1) X y, X I— > (t, y) near dX, U being a collar neighborhood of dX. Let (r, rf) be the co- 
variables to (t,y). The compressed covariable tr to t is denoted by f, i.e., (f,ry) is the linear 
variable in the fiber of the compressed cotangent bundle T*U . 

For A G Diff^Q^g(X) as given in (II. II) . we denote by cr^(^) its principal symbol, by (t'^{A) its 
compressed principal symbol defined on T* U by 

y, r, r,) = t-^'a^{A){t, y, tr, r,), {t, y, r, r,) eT*{U\ dX) \ 0, 

and by cJc {A){z) for j = 0, 1, 2, . . . its jth conormal symbol, 

ar\A){z):=j2^^^{0,y,Dy)z^ z G C. (3.1) 
fc=o 
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a'^ {A) (t , y, f , r/) is smooth up to t = and dc (z) for j = 0, 1 , 2, . . . is a holomorphic function 
in z taking values in Diff'^(y). 

Furthermore, if A G Diff^„„,(X), B G Diff^„„,(X), then AB G Diff^+^(X) and 

a^,+^-\AB){z) = a^,-\A){z + V - k)a''-\B){z) 
j+k=i 

for Z = 0, 1, 2, . . . This formula is called the Mellin translation product. 

Definition 3.1. (a) The operator A G Diff^Qj^g(X) is called elliptic if A is an elliptic differential 
operator on X° and 

a;;(^)(t,y,f,7?)/0, (t,y,f,r/) Gr*[/\0. (3.2) 

(b) The operator A G Diff^Q„g(X) is called elliptic with respect to the weight 5 G M if ^ is elliptic 
in the sense of (a) and, in addition, 

a'^{A){z): H\Y) H'-^{Y), Rez = dimX/2 - 5, (3.3) 
is invertible for some s G M (and then for all s G M). 
Proposition 3.2. If A £ Diff^Q„g(X) is elliptic, then the set 

|z G C I a^{A){z) regarded as operator in (13. 3t is not invertible^ 

is a carrier of asymptotics. In particular, there is a discrete set D d'K such that A is elliptic with 
respect to the weight 5 for all 6 £R \ D. 

3.2. Meromorphic Mellin symbols. Here we consider the class of meromorphic operator-valued 
functions arising in point- wise inverting elliptic conormal symbols ac{A){z). For further details, 
see SCHULZE [15|. 

Definition 3.3. For G Z U {— oo}, the space M.as{Y) of Mellin symbols of order /i is defined as 
follows: 

(a) The space Ai^iY) of holomorphic Mellin symbols of order fi is the space of all L|fj(y)-valued 
holomorphic functions m{z) on C such that m(z)|^_^^.^ G L'^^{Y; M,-) uniformly in /3 G [/3o) A], 
where — oo < i3q < Pi < oo. 

(b) A^as°°(^) is the space of all meromorphic functions xn{z) on C taking values in L~°°{Y) 
satisfying the following conditions: 

(i) The Laurent expansion around each pole z = pof m{z) has the form 
where mo, mi, ... , m,^^i G L^°°{Y) are finite-rank operators. 

(ii) If the poles of m{z) are numbered in a certain way, pi,p2,P3, ■ ■ ■ , then | Repj| oo as 
J — > oo if the number of poles is infinite. 

(iii) For any function xiz) G C°°{C) such that x{z) = if dist(z, \Jj{pj}) < 1/2 and x{z) = 1 
if dist(z,Uj{Pj}) > 1, we have x(^)m(z)|^^^^^^ G L-^{Y;Rr) uniformly in /3 G [/3o,/5i], 
where — oo < /5o < /5i < oo. 

^ - ''^o 



(c) We eventually set M^siY) := M'^iY) + A^-,~(y). 



Write m G 7Wi's(y) for ^ G Z as m(z) = mo(2;) +mi(z), where mo G M'^{Y), mi G M-,°°iY). 
Then the (parameter-dependent) principal symbol a-^(mo(z)|^^^^.^) G sll'\{T*Y x M^) \ 0) is 
independent of the choice of the decomposition of m{z) and also independent of /? G M. 

Definition 3.4. m G Mas{Y) for G Z is called elliptic if (T^(mo(z)|^^^^^^) / everywhere. 
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Proposition 3.5. (a) U^gz M^Y) is a filtered algebra with respect to the point-wise product as 
multiplication. 

(b) m G 7Was(y) is invertible within this algebra, i.e., with its inverse belonging to A^as^(^), if 
and only ifm{z) is elliptic. 

We further introduce the algebra Symbjjj(y) of complete Mellin symbols. 

Definition 3.6. For /x e Z U {— cxd}, the space Symb^^(y) consists of all sequences = 
{s'^^^{z); j G No} C M^s{Y). Moreover, an element G Symb^^(y) is called holomorphic if 

6^^ = {s^'-^zyj e No} C M^{Y). 

Proposition 3.7. (a) U^ez Symb^^(y) is a filtered algebra with involution with respect to the 
following operations: 

(i) The Mellin translation product e^' om 1" = {u^'+''-^{z)■, Z G No} G Symb^+'' (Y) for 
gM = {5^'~^z)■, j G No} G Symb^/y), 1" = {i''-''iz); A; G No} G SymbX/(y), where 

u'^+'^-'(z) = ^ 5^-^(z + i/-fc)t''-^(z), / = 0,1,2,..., (3.5) 

j+k=i 

as multiplication. 

(ii) The operation (©/^)*m = {x^'-^z)■, j G No} G Symb^^(y) /or &^' = {s^^-^^}; j G No} G 
Symb^^(y), where 

r^-i(z) =s'^-i(dimX-25-z-/i + j)*> j = 0,1,2,..., (3.6) 
as involution. 

(b) The complete Mellin symbol {5'^~^ (z); j G No} G Symb^/j(y) is invertible within the filtered 
algebra U^gz ^Y^^mO^), i-^-, with its inverse belonging to Symb^^(y), if and only if 5^{z) is 
elliptic in the sense of Definition l3.4l 

(c) The map 

U Diff,^„„,(X) ^ U Symb^,(y), A ^ {a^.'^A)- j G No}, (3.7) 
is a homomorphism of filtered algebras with involution. 

3.3. The space L^iJL- For a complete Mellin symbol we introduce a special notation for 
the representing space of the "asymptotics annihilated" by We actually restrict ourselves to 
holomorphic complete Mellin symbol (although the definition can be generalized to meromorphic 
complete Mellin symbol by taking into account the possible "production of asymptotics," cf. Liu- 
WlTT 111! '). The reason for that is that Theorem 13.101 in general, fails to hold without assuming 
holomorphy. 

Definition 3.8. Let G Symb^(y) be holomorphic. Then the linear space Lg^ C E^{Y) is 
spanned by all special vectors <^ G <f iX) satisfying 

E ^''-\z + k)^{p-j)[z-p + l](^Ap^i{C'^{Y)) (3.8) 
j+k=i 

for / = 0, 1, 2, ... , where p = 7(<I>). 

We also introduce a notation for the expression occuring on the left-hand side of (13. 8t : 

0z($)[z] = ©;(<!>; e^N := ^ s^-'=(z + A;)cD(p-j)[z-p + /]. (3.9) 

j+k=i 

Proposition 3.9. For A G DifF^o„g(y), the subspace of C^'\y) / {X) from ^3 is repre- 
sented by the linear space L%„ where 6^ = {ar^z); j G No}. 
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In this situation we sometimes write instead of Lgp . 
Generalizing Theorem l2.11l we have: 

Theorem 3.10 (Liu-Witt lii, Theorem 2.31]). For an elliptic, holomorphic 6^ G Symb^^(y), 
L^Q^i represents a proper asymptotic type. 

We also need: 

Lemma 3.11. The adjoint relation to (I3.8I) . 

t^~'(^ + k)^{q -j)[z-q + i](^ ^,_i(c~(y)), 

j+k=i 

where IH^ € Symbj^^(y) is as in (I3.6I) . is equivalent to 

B^~\zfl^{q-j)[z-p-l]eAMC°^{y))^ (3-10) 

j+k=l 

where q = dim X — 25 — p — p.. 

3.4. Complete characteristic bases. The control of asymptotics of the form (II. 5I) . of conor- 
mal order at least 5, is equivalent to the control of the conormal symbols ac^-' {A){z) for j = 
0, 1, 2, . . . in the half-spaces Rez < dimX/2 — 6 — j. We now investigate what happens as 

5 — > — oo. 

Let 

£{Y):=[js'{Y), (3.11) 

and LeM := U^eK -^Sf ^'^^ ^ holomorphic 6^ G Symb^j(y). 

Definition 3.12. A complete characteristic basis of Lqi^ is the inductive limit 

of the following inductive system: 

(a) For each 6 £R, {$^; h G J^} is a characteristic basis of Lg^ of characteristic mj^' , 
m-j^'^^'^ , . . . ) satisfying conditions (a), (b) of Proposition 12. 8 1 

(b) For all 6 > 6', ts's ■ 1^' is an injection such that, for any h G , 

(i) 7(^'f,) = li^i) + a for some a G No, 

j^/ +a — 1.(5' 

(ii) $^ = r™/.' 

where h' = Ts's{h) (and r^//^ = tsi's'Ts's for (5 > 5' > (^".) 

We write I := lim (T*^, r^/^) with injections : T*^ — > T (such that = T5/T5/5 for 5 > (5') and 

{<!>;,; /i G T} = lim ({ci>^; /i G 2:^},ry5) , 
where each for /i G Xis the collection with h = {h^}- 

The proof of (a) in the next proposition relies on the finite-dimensionality of the spaces J^^^ : 

Proposition 3.13. (a) For each holomorphic &^ G Symb^^(y), LgM possesses a complete char- 
acteristic basis. 

(b) For any complete characteristic basis {^hi h el} o/Lqi^, the expression 
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where p G C, I €z Nq, = Ts{h), and 6 is chosen in such a way that 

8 < max{min{y e M | 7($J',/) - Rep G No},dimX/2 - (Rep + l)}, 
is well-defined. {If there is no 5 such that Rep G No, thenwe setT'^''*''^'^h)(^^(^p) ■- q.) 

4. Singularity structure of inverses 

In the sequel, let 6'^ = {s^^-' (z) ; j G No } G Symb^ (Y) be holomorphic and elliptic. The inverse 
to S'^ will then be denoted by = {r^-'=(z); A; G No} G Symb/(y), of. Proposition|35](b). 
In particular, 

i-^-^{z + ^l)5^'-^{z + k) = 5o^d, / = 0,1,2,... 

j+k=i 

Before stating Theorems 14 . 1 1 and l5 . 1 1 we simplify the situation to be considered in the proofs. Due 
to the facts that 

• in the process of inverting &^ with respect to the Mellin translation product, the "produc- 
tion of singularities" of t~^~^ {z -\- fi) at z = p and t~^~-' {z + fi) at z = p', respectively, 
influences each other only ifp — p' G 

• control on the singularity structure of + ^) in the half spaces Re z < dim X/2 — 5 
for each 5 G M provides control on the singularity structure of (z + fi) in the whole 
ofC, 

we are allowed to assume the following model situation: The complete characteristic basis of LgM 
consists of special vectors <I>j for 1 < i < e + 1, where e G No U {oo}, ji^i) = p, and 

j{^i)=p-l, ei + l<i<ei+i (4.1) 

Then = eo < ei < 62 < . . . and e = max{e;; / G No}. When referring to this model situation, 
we denote 

m^+i := mP-'($i)- 

Theorem 4.1. Let &^ G Symb^(y) be holomorphic, elliptic. Then, for each complete character- 
istic basis {^h'l h G 1} of Lqii, there is a unique complete characteristic basis {^h* \ h* G Z*} 
of LfRM, where is given by (13. 6t . and a bijection t* : I ^ I* such that, for all p G C and 
j = 0,1,2,..., 

[r^-^- {z + f,)]l = Y^ T<^" ^h{p-3)® T<^'^' JM/,. (q) [z-p], (4.2) 
h 

where q = dimX - 25 - p - p., h* = T*{h), ml~^^ = mP+\^h), andmlV^'^ = m'}+^+\^h')- 



L 



Proof. We assume the model situation (14. U . 

Step 1. The elements $ of Ls^ (= ^s^) given by the relations 

/ 

(4.3) 

L J T) — /-l-'J 

j=0 

for / = 0, 1, 2, ... , where (^(p"^) = E^o ^'"'Hz-p+jY G Ap^jiC^iY)) for j = 0, 1, 2, . . . 

See Liu-WiTT fTTl- In fact, the Taylor coefficients (pi?'^^ G C°°(Y) can be chosen arbitrarily, 
since only a finite number of them enters the computation of <I'(p — /). 

Since ^{p — I) £ span{<^j(p — I); 1 < i < e/+i} for <I> G LgM, we conclude that 

ei+i 

[t-^~^{z + fi)]l_^^^ = J2^^{p-l)^ h\''\z -p + l-j] (4.4) 
1=1 
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for certain = ih^iP,h^u^- ■ ■ ' ^^^^i+i i J ^ [C~(y)]°°, which a priori are of length 



m[^^. Employing (I4.4t . we rewrite (I4.3t as 



^b-o = E E EE('^^s ' '^in (4.5) 
4=1 r=o yj=os=o y 

for / = 0,1,2,... 

Step 2. We are going to show that ( I4.5t provides the unique representation of $ as linear combi- 
nation of the vectors T'^^i. More precisely, by induction on / = 0, 1, 2, . . . , we construct functions 

h^ll G C°°{Y) for r >m\ such that, for each /, 

h!~^\ . for all i satisfying m\ < m}^^^ are Unearly independent (4.6) 

and 

hW^WrP^ if r>mr\ ^^^^ 
" [0 otherwise. 

This means that the coefficient in front of T''<I>j equals X]j=o X^^-m-' {'^^r-s \ ^^si) provided that 

m\<r< m}^^ — 1. 

After the /th step, /ij,^ will have been constructed for all I' , i, r satisfying I' < I, 1 < i < ei+i, 
m^i < r < vPLj^^ — 1. Moreover, (14. 7 1 will have been proved for all i, r satisfying 1 < i < e/+i, 
< r < m'+^ - 1. 

Base of induction I = 0: We set h^^^ := h'f^^ for 1 < i < ei, < r < mj — 1. 
Induction step I' < I ^ I: We write (14. 5 1 as 

e; m'— 1 / I r \ 

^(^^ - = E E E E(^t"^''' ^i?^) ^^'^^(^ - 



1=1 r=0 \j=0 s=0 

e;+im'+^-l / i r 



+ E E EE(e'^^^^H F^^^(^-o. 

i=l r=m^ \j=Os=0 / 

$ regarded as a vector in Lg^ modulo Lg^ for some 5' satisfying dimX/2 — 5' < p — I < 
dimX/2 — J' + 1 is a unique linear combination of the vectors T^^i for 1 < i < e^+i, < r < 
m^^^ — 1. The coefficient in front of T'^^i for 1 < i < e^, < r < m' — 1 is known if one knows ^> 
modulo Lq^^. By inductive hypothesis, this coefficient equals X]j=o X^^-m^ {^^r-P ■> ^P)- Thus, 
we obtain (14.71) for 1 < z < e;, < r < — 1, since the functions (pi^ ■'^ G C°°(y) are arbitrary. 

It remains to set /i£ ■* := /i£ ' ''^ for </'</, mf- < r < m'-^^ — 1. 
In particular, 

is actually of length m'^^ — rn~-' . 
Step 3. We now fix some a € No and set 



hP = H. 



(0 ._ (ai) Ai) 7,(0 
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for < Z < a - 1. Then i^^'^ = T""l-m'+' jji^-j) ^nd 

= ^ T-'^''cI>,(p-/-6)®T<— '^"^'^f+'^iz-p + b] (4.8) 

i=l 

for all j, k, I, b satisfying j + k = l,l + h<a. We shall employ (I4.8t to show that the vectors 
^'i,...,^'e„ defined by 

■^i{q + l) := JHf\ 0</<a-l, (4.9) 

where q = dim X — 25 — p — ix, form a characteristic basis of L^^~" modulo 

In view of (I4.6t . "fi, . . . , ^fg^ form a characteristic basis of the T-invariant subspace of £^{Y) 
modulo £^^"-{Y) generated by these vectors, of characteristic 

where, for a given i, I is the least integer such that rm}^^ = mf. In particular, the dimension of this 
space equals dimLg^/L^'^ = Yli=i Invoking a duality argument, we see that it suffices to 
prove that each belongs to L^^^" modulo L^'^. 



Step 4. By virtue of (I3.10t . we have to show that 

5^'-''{zYCH^i'''^''^\z-p-l]=0{l) asz^p + l (4.10) 

j+k=i 

for 1 < i < ea, < / < a — 1, where p := p — a + I. 
For / + 6 = a — 1, we infer from (14. St 

5o/id= J2 i-''~'{z + l^-k)s^-''{z) 
j+k=i 

Y,{z-p-ir^-^^ (T^^ <i>,{p)[z-p-i]j 

j+k=l i=l 

® (^s''-''{z)* H^^'^'^\z -p-l]^ +0(1) asz^p + /. 

Since the leading entries of the vectors T™» ^i{p) (if there are any) for different i are linearly 
independent, we arrive at (I4.10t . 

Step 5. Returning to the notation i^f ^ = iJ^^.^' we see that the defined by (l49l for 1 < i < 
e + 1 as a ^ oo constitute a complete characteristic basis of Lg^M modulo L^^. Furthermore, the 
considerations also show uniqueness for the complete characteristic basis of Ls^m modulo L^f' 
just constructed. □ 

5. Generalization of Keldysh's formula 



Conjugacy of complete chai-acteristic bases in the sense of Theorem 14.11 forces certain bilinear 
relations between the bases elements to hold, as for local asymptotic types. We are now going to 
derive these relations keeping the notations of the previous section. 

Theorem 5.1. For all p, h, h*, I, j satisfying j < I, 

I 

^ (0^_,(r-r'^'«>„)[z + r],T<'^"l^h*{q - r)[z - p]] 

r=j 



Shh'(z-p)-^<-< ) + 0((z-p)-K-K ')) asz^p, (5.1) 
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9+1 = 



where q = dimX — 26 — p — fi, = m^'^^ {^h), m^, = m'^+-'^(^'/j*), 

^hh* 



1 if h* = T*{h), 
otherwise, 



r] is defined in \'i.9\ . 

Remark 5.2. (a) (I5.lt constitutes an asymptotic expansion formula, with j = I being the basic 
case and further correction terms added as j is getting smaller. In Section we will be in need of 
the most refined case j = 0. 

(b) In case / = 0, we recover Keldysh's formula 

5^^{z)T<^"^h{p)[z-plT<^''l^h*{q)[z-p]) 

= Shh* {z - p)-K— r ^) + 0(1) as z ^ p. 

See dill. 



To prove Theorem 15. II we need the following simple result: 

Lemma 5.3. Assume the model situation (I4.lt . Let aij{z) G Ap-i{C) for some I G Nq. Then 

ei+l I 
i=l j=0 

if and only if 

Y,{z-p+ ir'^aUz) = o{{z -p+ ir^') 

r=0 

for all 1 <i < ei + 1, < j < I. 

Proof of Theorem \5J\ We again assume the model situation (I4.lt . 
We reenter the scene at formulas (I4.8t . Using these formulas, we write 

a—j — l Bj+b+l 

= E E (T^'-^^iP - j - b)) ® (T<— ^'^'^'/^f )[z -p + b]+ G,{z) 

fe=0 i=l 

for < j < a — 1, where Gj{z) is holomorphic on the strip dimX/2 — 6 — a + j < Re 2; < 
dimX/2 — 5. For any < /' < a — 1, we get 

5o/'id= t-^''(^ + /^ + iK~'(^ + (5.2) 

j+k=V 

a—l' — l ^i'+b+l 

= E E E i^-p+i'+^y 

j+k=l' fe=0 i=l 

'T"'''''<l>iip-l' -b)[z-p + l' + b] 



7' I —m- 



+ Yl G,{z + j)5^'\z + l') 

j+k=l' 
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b-l ~ _ _ 

We now apply the operator iS.lh to T^^' ^i>{p — b + l')[z — p + b], where I < b < a — 1, and 
then sum up for I' from to I. Since 

Gj {z + jOs^-'^ {z + i + k)T'^y ^,>{p-b + j + k)[z-p + b] 

j+k<l 

= Y.Gj{z + j)[Y. ^"-^ iz + j + k)T<' ^,,(j,-b + j + k)[z-p + b]\ 

j=0 \k=0 / 

I 

j=0 

taking the principal value at z = p — 6 on both sides of the resulting equation, we obtain 

"^6+1 

T<'^,{p-b)[z-p+b]= J2 Y.^z-p+br 

i+k<l i=l 

5^-^{z + j + k) T^^y^i.ip -b)[z-p + 6], r<-'"'^'CFf -p + b]^ 



r™'^''$i(p -b)[z-p + b]+ 0(1) as z^p-b, 

where b = b + j + k. We get 

e^+i I 

T<'^e {p-b)[z-p + b] = Y,Y. ^i{p-b)[z^p + b] + 0{l) 

i=l j=0 

ej+i b 

= E %b-j(z)T"'^Mp-b)[z-p + b] + Oil) asz^p-b, 
«=i j=b-i 

where 



a,j{z) = {z-p + br^ 



X ( @i_^{T<' ^,)[z + jiT^'i-<^"CHf-'\z -p + b] 



By virtue of Lemma l531 we conclude that, for all < j < /, 

I 

Y^{z-p + l)<-\,r{z) 



5ii,{z-p + ir^ +0{{z-p + ir^ ) asz^p-l. 



I.e., 



^ / 0,_, (r™r' )[z + r], T< ^ CHt'^ [z-p + b]\ 

r=j 

I S + l b-l\ I 6+1 i)— j + 

= b,v{z-p^lY^'^^ ) + 0((z-p + /)-K ' )) asz^p-l. 

In view of (I4.9t . the latter is (I5.lt in the model situation (I4.lt . □ 
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6. The boundary sesquilinear form 

In this section, we shall prove Theorem ll.il From Gil-Mendoza |3l Theorem 7.11], we first 
quote: 

Theorem 6.1. For all u G ^'(ylmax), v G D{A*^^^), 

[u,v]a = -Y, Y1 

j=0 dimX/2-5-^t+i<Rcp<dimX/2-<5 

Res,=p{a^-^ {A){z){ujuy{z), {u;vy{dimX - 26 - z - fj, + j)) , (6.1) 

where uj{t) is a cut-off function and {u)u)~{z, •) = Mt^z{{^u){t, •)} denotes theMellin transform, 
see around (IB.lt . 

Proof of Theorem \n\ We divide the proof into several steps. 

Step 1. Since -D(^max) = H^f (^) and D{A,^i^) = Wj+^^o{X), cf. TheoremEU and similarly 

A Pa 

for D(j4J^2x), i^(^jJiin) with replaced with P^, , we have to compute the induced sesquilinear 
form 

[ 1 L^et^lL^f" ^ X Ly^^ / Ly^J^ ^ ^ C. (6.2) 

Here 6^' = {s^-J(z); j G No} and^H^ = {r^-J(z); j G No}, where s^"J(z) = f7r^(^)(z) and 
x'^~^{z) = ac~'^ {A*){z), respectively. For the relation between 5'^~^{z), x^^^{z), see (13. 6t . We 
will evaluate the sesquilinear form (16. 2t using formula (I6.lt . 

From (16. 2t . it is seen that the spaces L'(Amax)/^(^mm)> ^(ATiax)/^(ATim) invariant under 
the action of the operator T from (ll.6t . (This result is implicitly contained in Theorem l2.1in 

Step 2. It suffices to prove ( ll.9t for an arbitrary characteristic basis <l>i, . . . , <I>e of the quotient 
-Z^gM / L^Qft^^^ ■ For then non-degeneracy of the sesquilinear form (I6.2t and also property dl.lOt fol- 
low, where the latter holds for all $ G L^^/Lg+^"°, ^ G L^^/l5J''"°. If , ^'^ is another 
characteristic basis of the quotient Lq^ / L^^f"'^ , then we have (after renumbering if necessary) 

$- = C7$„ l<i<e 

for some linear invertible operator C : Lq^^/L^qJ^^^^ — > Lgp/L^^^*^ that commutes with T. 
Denoting by C* the adjoint to C with respect to the non-degenerate sesquilinear form (I6.2t (C* 
also commutes with T), the conjugate characteristic basis . . . , "^'^ to ^'i, . . . , ^'^ is given by 

^if[ = {C*y^^u l<i<e, 
where "^i, . . . ,"^eis the conjugate characteristic basis to <I>i, . . . , <I>e. 

Step 3. Let <I>i, . . . , <I>e be a characteristic basis of Lq^/L^'^"", of characteristic (mi, . . . , irie) 
say, and let "fi, . . . , be the conjugate characteristic basis of Ly^^ j L^^ f"^^ according to Theo- 
rem ^3 meaning that there are corresponding versions of Theorems 14. 1 1 Wa\ valid for the Mellin 
symbols (z) for < j < /x in the strip dim X/2 — 8 — ^ + j <'R.e z < dim X/2 — 6 — fi, 
where now in (I4.2t . (I5.lt elements of the quotients Lg^/L^^"'^, L^^/L^^~'^ enter. Likewise, 
we may assume that $1, . . . , <l>e stem (by projection) from a characteristic basis of Lg^ that can 
be extended to a complete characteristic basis of Lqm. 

We will make this latter assumption to keep the notation from Theorems 14. 1115.1 1 
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For $ G L%,/L%^~^, ^ G L^^/L^.^"°, we rewrite CB as 

A:=0dimX/2-5-^t+fc<Rcp<dimJs:/2-5 

X Res,=p/5'^-'=(z)«^(p)[z-p],/*((Z + fe)[z-p]), (6.3) 



where q = dim X — 25 — p — /u. 

Now clioose <i> belonging to the Jordan basis $1, . . . , r™i"^<I>i, ...,<!>£,..., r™'=~^<I)e of the 
quotient Lg^/L^^^'^ and ^ belonging to the conjugate Jordan basis ^'i, . . . ,r'"i~^5'i, . . . , 
^-e, . . . , T^-^-^^-e of the quotient L^^/L^J^^^. That means that 



p+i+i 



for some h, p, I, i, where dimX/2 — 6 — < Rep < dimX/2 — 6 — [fx — 1), Rep + / < 
dimX/2 — 6, and < z < w,^^' — m^^'^^. We may further assume that 

where q = dimX — 26 — p — and < j < m'j^''^^ — ml^^, since otherwise "^]a = 0. 

Under these hypotheses, in (I6.3t there are non-zero residues at most at z = p + r for r = 0, . . . , /, 
i.e., 

I I 



TnT<*'^h* {q-r + k)[z-p-r] 



I I 



k=0 r=k 

'5''-'' {z + k)TT<'"^' ^h{p + r)[z-p-r + k], 



T^IT<^^^h*{q -r + k)[z-p-r + k] 



I l-k 



(-i)'^'EEi^^^-f+'- 

fc=0 r=0 

+ k)TT<^'*^ ^h{v + r + k)[z-p-r], 



TnT<*'^h* {q-r)[z-p-r] 



I 



r=0 

/ l-r 



\k=0 



T^IT<*'^h4q-r)[z-p-r] 

I 

{-iy+^Y.Res,=p+r{z-p- ry+^ (0,_,(T<^'^'<i>O 



r=0 



IT<*'<i'h*iq-r)[z-p-r] 
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I 



r=0 



IT<'^'^h*{q-r)[z-p] 



Therefore, 

'{-ly-^^ if r*(/i) =h*,i+j = ml- mP+'+^ - 1, 
otherwise, 

by virtue of Theorem 15. II 

This completes the proof. □ 



A 



7. Examples 

We discuss two examples of ordinary differential operators on the half-line The first example 
demonstrates the usage of Theorem 11.11 for the computation of the boundary sequilinear form, 
while in the second example it is shown how our fundamental formulas like (I4.2t can be indepen- 
dently verified. 

7.1. First example. This example concerns the cone-degenerate third-order operator 

A = df + t-^df onM+. 
The conormal symbols are 

and ac~\A){z) = for j > 1. Thus, 1, tlogt, and t are exact solutions to the equation Au = 0. 
A complete characteristic basis <I>i, <I>2 of La is given by 

<i>i(o) = (i), <i>2(-i) = (1,0), 

and = for p / 0, ^2{p) = for p / -1. 

We choose 5 = -1 . Then we have A* = -df - 5t~^af - Af-'^dt, a^{A*){z) = z{z - 1)2, and 
ac"^{A*){z) = for j > 1. From 

1 _ 1 11 

~ Z{Z + 1)2 ~ (z + 1)2 ^ Z+1 ~ ~Z 

we infer that the complete characteristic basis ^i, ^'2 of La* that is conjugate to $1, <I>2 is given 
by 

^'l(l) = (l,-l), Vl/2(0) = (1), 

and ^i(p) = for p / 1, *2(p) = for p / 0, where r*(l) = 2, r*(2) = 1. 
Writing 

u(t) =uj(t) (Q + /3otlogt + /3it) + uo(i)> 
v{t) = Lo{t) {-fot-^ log t + 71^-1 + 6)+ vo{t) 

for a, Pq, Pi, 70, 71, 5 G C, where uj{t) is a cut-off function and uq G L'(^niin), vq € -D(Aj^ijj), 
we then obtain 

[u, v]a = -a5 + /3o7o + /?o7i - Pilo- 
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7.2. Second example. We consider the non-degenerate, second-order, constant coefficient oper- 
ator 

A = dj + adt + h on M+, 

where a, 6 € C. We have A* = d1 — adt + b (with 6 = ) and the Green's formula is directly 
checked to be 

[u,v]A = u{0)v'{0)-u'{0)v{0)-au{0)v{0), u,v£S(M.+). (7.1) 

The space has characteristic {(— j; 1, 1, . . . ); j = 0, 1}. Therefore, L'^j^^ = {0}, the quotient 
D{Ajaax)/ ^(^min) — is two-dimcnsional, and the elements of D{A^ax)/ D{Ajnm) are in one- 
to-one correspondence with the (analytic, as turns out) solutions u{t) = u{t;a,(3) for a, (3 G C 
to 

Au = 0, m(0) = a, u'{0) = p. 
In the following, we shall assume this identification to be made. 
A complete characteristic basis of La = L\ is given by 

ni(t) = n(t;l,0), U2(t) = 0, 1). 

We look at (I7.lt to find the conjugate complete characteristic basis of La* to be 

vi{t) = u{t]l,a), V2{t) = v{t]Q,-l), 
where v{t) = v{t; a, [3) is the solution to A*v = 0, v(0) = a, v'{Q) = (3. 
Proposition 7.1. (a) We have 



j>2 i>l 



and 



where Ho (a, h) = 1, ni(a, 6) = a, 

nj(a, 6) = anj_i(a, — hllj^2{(i^ b), j = 2,3, . . . 
{i.e., U2{a, h) = a^ - b, U^ia, h) = a? - 2ab, U4{a, b) = - Sa'^b + 6^, etc.). 
(b) We also have 

^ + iz-k)iz-k + l)...ziz + iy '^-"'l'^'---' 

where i^^^'^{z) has the same meaning as before. In particular, the poles of i^^^^{z) are simple 
and, for I = —1, 0,1, ... ,k. 

The key in re-proving formulas like (14.21) is: 
Lemma 7.2. (i) For I > 2, < j < I - 2, 

Ili{a,b) = Ilj+i{a,b)Ili_j_i{a,b) - bUj{a,b)Ui_j_2ia,b). 

(ii) For j > 0, 



n,(-a,6) = (-l)^n,(a,6). 
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Appendix A. Local asymptotic types 

We briefly discuss the notion of local asymptotic type, i.e., asymptotic types at one singular expo- 
nent p e C in (II. 5t . Moreover, we investigate an analogue of the boundary sesquilinear form in 
this simpler situation, see (IA.3t . Most of the material is taken from Witt | 17 |. 

Let Ebe a. Banach space, E' be its topological dual, and let ( , ) denote the dual pairing between 
E, E'. Pick p G C. For notations like Mp{E), Ap{E), E"^, the right-shift operator T acting on 
E°°, ^(g)^z- p] for $ G E^", ^' G E"^, and the identification Mp{E)/Ap{E) ^ E'^, see 
SectionO 

Let Ml'^iCiE)) be the space of germs of £(i?)-valued finitely meromorphic functions F{z) at 
z = p, i.e., 

where Fq, Fi, . . . , F^^i G C{E) are finite-rank operators. Let A4p°'^{C{E)) be the space of 
germs of £(£')-valued normally meromorphic functions F{z) at z = p, i.e., the space of finitely 
meromorphic functions F{z), where, in addition, F{z) for z ^ p close to p is invertible and 
Fiy G C{E) is a Fredholm operator. Aip°'^{C{E)) is the group of invertible elements of the algebra 

Ml-{C{E)). 

For F G Ap{C{E)), let Lp denote the space of all {(f>Q, (pi, ... , (pm-i) £ E°° such that 

Fiz) -. r h 7 T T + ^ 7 T ^ Ar,{E). 

yiz-p)"^ {Z-P)J ^ 

Remark A.l. The theory can be also developed for F G Mp^{C{E)) upon an appropriate mod- 
ification of the definition of Lp- For F G Aip°'^{C{E)), Lp is again an asymptotic type, and 
Propositions IA.4I Ia31 and lA.7l continue to hold in this case. See WiTT 1 17 1. 

Definition A.2. A local asymptotic type J C E"^ is a finite-dimensional linear subspace that is 
invariant under the action of the right shift operator T. The set of all local asymptotic types is 
denoted by J{E). 

Note that T as acting on J is nilpotent. The characteristic (mi, . . . , nie) of T on J is called the 
characteristic of the asymptotic type. 

Proposition A.3. We have 

J{E) = {Lp\F^ Ap{C{E))r\M^\C{E))]. 

Proposition A.4. For F G Ap{C{E)) n M^^'iCiE)), we have F* G Ap{C{E)) n M'^'iCiE')). 
Moreover, for each characteristic basis <I>i, . . . , <I>e of Lp, there exists a unique characteristic 
basis ^i, . . . e of Lpt such that 

e 

[F-\z)]l = Y,{^,®^>,)[z-p]. 

i=l 

In particular, both asymptotic types Lp, Lpt have the same characteristic. 

The next result is Keldysh's formula, cf. Keldysh |6|, Kozlov-Maz' ya ||8l. 
Proposition A.5. For <I>i, . . . ,<^(. and ^i, . . . , ^'e ^J'^ in Proposition IA.4I 

{F{z)^i[z-p],^>j[z-p]) = 5^j{z-p)-'^^ +0{l) asz^p. (A.2) 
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Remark A.6. Writing F{z) as in (IA.lt . (IA.2t can be rewritten as 

for < / < — 1, where summation is restricted to the range < r < mj — 1, < s < m_,- — 1, 
and = {4>f A?,---, , = (rf^ , 4^'^ 

For F G ^p(£(£;)) n A^p"(£(£')), we finally introduce the bilinear form [ , ]f defined on the 
product Lp X Lpt by 

['^,^]f :=Res,=p(F(z)$[z-p],^[z-p]>. (A.3) 

Proposition A.7. Evaluated on the bases T^^ifor 1 < i < e, < r < rrii — 1 of Lp and T^'^j 
for l<j<e, 0<s< rrij — 1 of Lpt, 



1 iii = j , r + s = rrii — 1, 
otherwise. 



Proof. This follows immediately from Proposition Ia31 □ 



Appendix B. Function spaces with asymptotics 

The maximal and minimal domains of cone-degenerate elliptic differential operators are cone 
Sobolev spaces with asymptotics, as we are going to demonstrate now. We refer to SCHULZE 1141 
for more on function spaces with asymptotics, where, however, asymptotics are observed on 
so-called "half-open weight intervals," a setting leading to Frechet spaces. The present setting due 
to Liu-WiTT lITTl . where asymptotics are observed on "closed weight intervals," provides a scale 
of Hilbert spaces. 

B.l. Weighted cone Sobolev spaces. Let Mu{z) = u{z) = t^^^u{t) dt for z e C (or 
subsets thereof) be the Mellin transformation, suitably extended to certain distribution classes. 
Recall that 

M: L^{R+,r^^dt) L2(ri/2_5;(27rf)-^(iz), (B.l) 
is an isometry, where := {z € C | Re z = 7} for 7 G M. Moreover, 

Mt^,{{-tdt)u}{z) = zu{z), 
Mt^,{t-Pu}{z) =u{z-p), peC. 
The function 

mp,fc(z, y) := Mt^, | Lo{t)t-P log'' t ^{y) 

where p G C, G No, G C°°{Y), and Lo{t) is a cut-off function, belongs to M^^{Y). 
Furthermore, 

For s, (5 G M, the Hilbert space W'^(X) consists of all u G Hf^^{X°) such that Mt^z{uju}{z) G 

Aoc(rdimX/2-5;^^(^))and 

1 f 2 

— / \\W{z)Mt^z{^u}{z)\\^2(Y)^^ ^ 

Here, R^{z) G L'^iY; is an order-reducing family, i.e., W{z) is parameter-dependent 

elliptic and R'{z): H'+'' {¥) H"' (Y) is invertible for all s' G M, z G rdimX/2-5- For 
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instance, if m{z) G Ml^{Y) is elliptic and the Une T(^[^x/2-S is free of poles of m{z), then 
m(z) L is such an order-reduction. 

'idimX/2-i5 

B.2. Cone Sobolev spaces with asymptotics. The starting point is the following observation: 

Theorem B.l (Liu-Witt lUJ Theorem 2.43]). Let s, 6 £ R and P £ AJ{Y) be a proper 
asymptotic type. Then there exists an elliptic Mellin symbol m'^p{z) G Mq{Y) such that the line 
rdimX/2-5 is free of poles o/mf,(z)"i and, for & = {m|,(z),0,0, . . . } G Symb^(y), 
represents the asymptotic type P. 

Definition B.2. Let s > 0, 5 G M, and P G As'^(y) be proper. Then the space W^p{X) consists of 
all functions u G Ti^'^iX) such that Mt^z{'-^u}{z) is meromorphic for Re z > dimX/2 — 5 — s 
with values in H'^{Y), 

m%{z)Mt^,{uJu}{z) G^({zGC| Rez>dimX/2-5-s};L2(y)), 

where m^p{z) is as in Theorem lB.il and 

sup / \\mp{z)Mt^:,{uJu}{z)\?'^, .dz < CO. 

We Ust some properties of the spaces Wp{X): 

Proposition B.3. (a) |EIp^(X); s > O} is an interpolation scale of Hilbert spaces with respect 
to the complex interpolation method. 

(b) EI^^(X) =W^^^'{X). 

(c) We have 

Rep>dim X/2-S-S k+l=mp-l 

'^{p) = . . . , c^^Zl-i) for some cD G j}, 

where the linear space J C £y{Y) represents the asymptotic type P, provided that 
Rep / dimX/2 - (5 - s, p£V. 

(d) M^p{X) C Hp)^ {X) if and only if s > s', 6 + s > 5' + s', and P ^ P' up to the conormal 
order 5' + s'. 

(e) C^{X) := ns>o ^p\x) is dense in m'/{X). 

Proposition B.4. The spaces M.p^{X) are invariant under coordinate changes in the sense ex- 
plained in Remark l2!4l 

B.3. Mapping properties and elliptic regularity. Here we aie concerned with the regularity and 
asymptotics of solutions u to the equation 

Au{x) = f{x) onX°, (B.2) 

where A G BiS^^^^{X) is elliptic. Assuming u G EI°'^(X) and / G M'^\x), where s > and 

Q G As'^(y), we are going to show that u G EIp+'^''^(X) for some resulting P G As''(y). By 
interior elliptic regularity, we already know that u G H^^^{X°). So we are left with the behavior 

of u = u{x) as — > dX. 

Let P^ be the asymptotic type represented by L^. Similarly, let p^+'^^'^ ^ be the asymptotic 
type represented by L^^^^^. Then is the largest asymptotic type that coincides with the 
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empty asymptotic type, O, up to the conormal order 5 + /i — 0. Note that, for each P G As'^(y) 
satisfying P ^ up to the conormal order 5 + jjL, there is a Q G As'^fy) such that 

A: ]H^+^''^(X) ^ ]H3^(X) 

for all s > 0. The minimal such Q G ks^{Y) is denoted by Q^P] A). In particular, Q^{Pa] A) = 
Q^{0-A) = 0. 

The question raised for equation (IB .21) is answered by the next result: 
Proposition B.5. Let A G DiS'^^^^{X) be elliptic. Then: 

(a) The map 

{P G As'^(y) : P :^ P|, P coincides with P| up to 

the conormal order 5 + ^ i^{Y), P ^ Q\P; A) (B.3) 
is an order-preserving bijection. 

(b) For any solution u to (IB.2t . u G IHl'^'''(X) and f G IHIq'^(X) implies u G H^l^g.^^ (X), where 
Q ^ P^{Q;A) is the inverse to (IB.3t . 

Note that Q^{P^{Q;A);A) = Q. Therefore, P ^ P^{Q^{P;A);A) is a huU operation. Note 
also that both maps P —>■ Q^{P; A) and Q i— > P^{Q; A) to (IB.3t can be computed purely on the 
level of the complete conormal symbols {ac~\A){z); j G No}. 

Theorem B.6. Let A G BiS^^j^^{X) be elliptic. Then 

D(^„ax) =IHI^f(X), Z)(A^i„) =IH^l^_o(X). (B.4) 

In particular, 

D{A^,,)/D{A^,,) ^ 1^1^+"-". (B.5) 

Proof. (IB.4t is a consequence of elliptic regularity, while (IB.5t follows from the description given 
in Proposition IB . 31 (c) and interpolation. □ 
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